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Let 
G(x; q. a) := max (P ,+1-P,)? 
Pni j 
Pn’pn+,“‘modq 
where (a, q) = 1 and p”, p. + , are consecutive primes in the arithmetic progression 
a mod q. Let o(q) denote the number of distinct prime factors of q. We prove the 
following result: let C be any fixed positive number, C< 1. Then, uniformly for 
w(q) < exp 
i 
C log log x 
log log log log I 
log log log x I 
we have 
G(qx;q,a)>(e’+oc(l))cp(q)logxloglog.u 
log log log log x 
(log log log x)2 ’ 
where )’ is Euler’s constant. The o-symbol may depend on C. (?I 1992 Academic 
Press. Inc. 
INTRODUCTION AND STATEMENT OF THE RESULT 
For integral q B 1 and a, (a, q) = 1, define 
G(x; q, a) := max (P n+,-Pnh 
PnG x 
p,sp,+,‘amody 
where pn denotes the nth prime number in the arithmetic progression 
a mod q (if p, > x, we define G(x; q, a) = x). For the sake of brevity, we 
write log, x for log log X, and so on. As usual, q(n) is Euler’s function, and 
w(n) is the number of distinct prime factors of n. We prove the following 
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THEOREM. Let x B ee and let C be any fixed positive number, C < 1. 
Then, uniformly for 
w(q) < exp 
{ 
log, x 
C log2 x - 
1% x I 
we have 
G(qx; q, a) 2 (6’ + oc(l )I (P(q) 1% x 1% x 
log, .Y 
(log, xJ2’ 
where y is Euler’s constant. The o-symbol may depend on C and tends to 0 
as qx tends to infinity subject to the above constraints. 
It should be remarked that Pil’tjai [3] has announced a similar result 
but with a much shorter range of uniformity in q. (I am indebted to 
M. Balazard for this information.) 
Our theorem generalizes to arithmetic progressions the well-known 
result of Erdiis and Rankin (see Rankin [S] ) concerning the function 
G(x) = G(x; LO). The constant eY in Rankin’s theorem has been recently 
improved to cOey, where c0 = 1.31256..., by Maier and Pomerance (see [2]), 
using deep analytic methods. It is likely that the method of Maier and 
Pomerance extends to the case of arithmetic progressions, giving a corre- 
sponding improvement on our theorem. However, in this paper we have 
restricted our attention to the elementary method of Erdijs and Rankin. 
I thank the referee, who showed me how to greatly simplify and improve 
an earlier version of this paper. 
THE PROOF 
The proof is based on the estimate (3) of Pomerance [4]. Following 
Jacobsthal [l], we define g(n) to denote the least integer such that every 
set of g(n) consecutive integers contains one member which is relatively 
prime to n. Then Pomerance’s result is the following 
LEMMA. Let C be any fixed positive number, C< 1, and let 0 <E < 
(1 - C)/2 be arbitrary but fixed. Let t > to(&), let q be an integer such that 
w(q) d exp 
{ 
1% t Clog, t - 
I log, t ’ 
andset n=n pC(l--E)lOgl.ptq P. Then 
444) g(n)>(l-3s)eY- log‘l t 
4 
log t log2 t (log, t)2. 
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The proof is essentially the same as in Pomerance 141, except that we set 
x = (1 -E) log t. Indeed, we also have to check the first displayed formula 
on page 221, since we have replaced the left hand side with a larger 
function. Anyway, our choice of E ensures that this happens if t is larger 
than some to(c). 
Now let x, a, q, and C be as in the theorem and assume 0 d u < q. Let 
0 <E < (1 - C)/2, let t = x, and let r e q ~ ’ mod n, where y1 is defined in the 
lemma. We have an interval of IV= g(n) - 1 consecutive integers lying 
between n + ar and 2n + ur, each having a prime factor in common with n. 
Now, if j is one of these N numbers, then (j-ar)q+usjq mod n, so 
(j- ur)q + a is also not coprime to n, and since it lies between nq + a and 
2nq + a, it is composite. We have 2nq -t a < 3nq < qx for large enough x, by 
the prime number theorem. Thus, for .X large depending on the choice of 
E, we have from the lemma that 
G(qx; q, a) > qN > e’( 1 - 3~) (P(q) 1% x log, x 
log, X 
(log, x)” 
since the N integers (j- ur)q + a are consecutive terms of the arithmetic 
progression a mod q. This proves the theorem. 
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